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SUMMARY:

When an interplanetery space ve@icle approaches a planet on a free-fall
trejectory the gravitationsl irnfluence cf the planet cen radically change the
vehicle's trajectory about the sun. It is possible for such vehicles to tzke
advartage of this influence by passing the plaret on a precisely calculsted trajectory
which will piace the vehicle or an intercecp trezjectory with another planet. Of
course these advanced trsjectories taking a vehicle from one planet to anothef will
in general require very long flight times. There are however some advanced trajectories
involving mercury, venus, earth and mars which have remarkably short flight times and
low launch energies. 3ince the favorsble lzunch pericds for missions to a given
planet do not occure often sdvarced trajectories taking one ifree-fall venicle to many
plarets are particularly attrzctive.

The determination of free-fall trajectcries to several planets is essentially
the famous unsolved n-body problem. Thus ir order to calculate these trajectories
certain simplifying sssumptions must be made. This paper is based upcn cne fundamental
assumption: At any instant one and only one gravitating body influences the vehicle's
motion. Under this assumption almost 211 of the vehicle's trajectory will cénsist
of arcs of different ellipses with the sun 2zt a focus but when the vehicle comes
sufficiently close to a passing planet its trajectory will be hyperbolic with respect

to this planet while the sun's intluence is neglected.



The paper contains the results of a’study of such coric trajectories
performed at the Jet Propulsion Laboratory curing the summer of 1961. The paper
also contains numerous numerical results carried out at the Computing Facility of the
University of California at Los Argeles and the computing complex st the Jet Propulsion
Laboratory. These calculaticns show that by utilizing advenced trajectories many
interplanetary missions requiring very large launch vehicles could be carried out
with much smaller vchicles by simply changing their mission prcfiles. This is
particularly true for the missions to mercury and the manned missions to mars. The

numerical study was confined to the decade beginning ir 1965.
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I. Introduction

It haes been discovered that_conic trejectories give excellent first
approximations to 2zctual flight peths of free-fell interplanetary space vehicles.
Thus it is nstursl while studying space trejectories to assume that the vehicle
moves along ccnic paths. The primary goal of the theoretical pertion of this psper
is to determire a conic trajectory in the vicinity cof 2 passing planet which will
enable the vehicle to pass cut of its gravitastional sphere of influence on a coric
trejectory sbout the sun which will intercept asncther pre-determined planet. Thus
we shall zcsume that the missions begin and end at the centers of massless planets.
The initial conditions sre given by specifying the order in which the vehicle is to
rendezvous witn the given planets zlcong with the lazunch date and first planetary
closest approach dzte. If these initial conditicns are arbitrerily given then a
solution may not exist or may be physically unrezlizeble; thst is to say the resulting
trajectory mey require the vehicle to pass closer to 2 particular planet than its
own radius.

This paper includes the results of a numerical study of these advanced
trajectories performed 2t the Computing Facility of the University of Californiz at
Los Angeles and at the computirg comrlex at the Jet Propulcior Lazboretory. For each
perticular trejectory profile studied it was possible to determine those trajectoriecs
havinz nesr mirimum lezunch energies.

The quarntitative study of amy branch of =cience dealing with forces, velccities
end positiors (i.e., vectors) in a 3-dimensional space is 2lweys most conveniently
done by making use of as much vector analysis as possible. With this point of view
no assumrtions regarding the geometry of the solar system will be necessary; indeed
it will not matter how eccentric the planets orbits are or how much their planes of
moticn differ from each other. Thus before ettacking the above problem we shell
first develop 2 cenverieri msthemstical techrique for handling coric trajectories in

3-dimensicral space.
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II, CONIC TRAJECTORIES

We begin our study of conic trajectories in three-dimensional space by
equating the dynamic force on a space vehicle of mass m with the force of gravitional
attraction set up by the presents of a body of mass M, If T is any inertial

frame this equation becomes

A -
g 2L = g e R
at 22
A

where Tf}is the velocity of the vehicie and R is a unit vector directed fram the
center of the body to the vehicle separated by a distance R, We shall adhere to
the convention of denoting unit vectors by placing A over the letter.

Since the ratio m/M is very small we may assume that the body is at rest
in T, We shall take the center of this body as the origin of T, By setting GM = u

and cancelling out m from both sides of the above equation we obtain

e h
dav W
® T (@)

A, The ® and h Vectors of Conic Trajectories

By the differentation formula for the cross product of two vectors we write

i (RxV) 4R = > av
s B i x V + R x 1
Hence with the aid of (1) we have
s —
d (Rx¥) . 0
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since the cross product of paralled vectors vanish, This result implies

— — — —
va-j%(ﬂ" &3 R« H

where h is a constant vector of integration.

RxV=nh (2)
From this important relation we notice that b3 glways remains perpendicular to
T and congsequently the motion remains confined to a fixed plane in I, The

angul ar momentum of the vehicle about the body is simply m h.

We now express (2) in a slightly different form ;

A
4 RB) _ py (B p, g B

h=Rxg Rx 3% at at
Thus
A
A
e o8 dR
h =R Rx-a-{

employing this result with (1) we find

A
— A A
dvxh--u R x (Rx%)

dat
and after applying the vector triple product formula of vector analysis we have

A A
S A A A A
T v, [(R. B .gng



A A
Now since R « R = 1

A A A A A & A A
.48 .1 .8, & .5 .1 42 (R « R)
dt 2 dat dat 2 dt
Consequently

By noting that'ﬁ is a constant vector and p is a constant scalor this equation

may be written as

A
4 (Txh) d (uR)
dt dt
whereupon an integration leads to
A
Vxh= LR+ T

where T is another constant vector of integration., By setting
T=pe
we obtain

A
ey
Vxh = b (R +€)

—
where € is some constant vector, This vector can be expressed

as

(3)
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™ A
Vxh-R (L)

-
e =

1= L

which follows directly fram (3). Since ? xﬁ is a vector lying in the plane
‘of motion the above relation implies that @ lies in the plane of motion also.
Let © be the angle measured from @ in the positive direction (i.e.,
counterclockwise) to R. Hence in view of (2) and (3) we have
iy A

n? = heh --ﬁ-fx?-ﬁ.fxi = Reu (R + :) .

Thus

2
!}i = R+Recos®=R(1+ecos® ),

Consequently we obtain

2

R = U
l+ e cos @ #

(5)

This is the general equation of a conic with eccentricity e and semi-lstus rectum

2
L= (6)
R.l+ecose (M

Thus we obtain the well-known fact that the trajectory is a conic section,
Since (7) implies that R is smallest when ® = O, the direction of @& is

along the direction of perihelion (see figure 1),
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Figure 1

B. The Calculation of e and 'ﬁ Vectors From Two Postion Vectors

If two position vectors on an elliptic trajectory are known along with its

semi-major axis a and eccentricity e the ] am"t? vectors can be calculated, The

-t

h vector can easily be obtained from

=4
]
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™
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I‘\)m{,

\/a o | 1-¢2 | (8)

where the choice of signs depends upon 4/—'%, '1"1‘:.‘2 and the direction of motion,

The calculation of the @ vector can be carried out by the following formula:

i -

e-adﬁl-lﬁﬂz (9)



where
b &, & B
b a a b
‘a = -——-2-—-—-2-?-— ﬂ - 21 2 (]_O)
D D
with
bi = é + 02 -l
Ry

> (11)
\ A . ®
aij-Ri..Rj *’Z'Rj i)‘j)
and
g1 %o
D = (12)
8 %2

The derivation of (8) is omitted since it is immediately obvious but (9) along with

(10), (11) and (12) is more involved, These formulas can be established by first
noting that since the e vector lies in the plane of motion, two scalors a and B exist

. o —
such that (9) holds. If we denote the vehicles velocity vectors at Rl and R2 by ¥y
- 1 = - 1 = e
and V2 respectively and dot each side of (9) by i ‘i’l x h and - ?2 X h we obtain

the following equations
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s Vpaxhee= ¥V, xhelja + TV, xhely B

By employing (3) and noting that (7) implies

the formulas (10), (11) and (12) can easily be seen to follow.

C. Velocity Vector as a Function of E: h and R

We now come to a very useful formula which expresses the vehicles velocity
A
vector in terms of thee andh vectors and its unit position vector R, The derivation

follows by making use of the vector tripal product formula
—_— - -
hx (Txh) = @D T-GDEH,
— —_
Thus since V is perpendicular to h we have

QA

o —_
h* V="h x (V xh)
and hence by employing (3) we obtain

i
v

s A
=5 hx(R+) (13)

(= g

As an immediate application of (13) we now derive the welleknown energy equation,

With the aid (13) together with (6) we may write
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By the box product formulas this becames

:UII-'
~

F{ -‘RL:(?-r R (e - ?x_h‘)] o

After making use of (2) and (3) this can be written as
e :}5’7 [h2 +u (R e-.cos e+ R ez)]

Consequently with the aid of (5) this is expresssble as
V- [2h2 + w (e - 1)]

and by (6) we obtain the famous energy equation

Vz-u(

wlro

+1
Y Ll
—

(1k)

where the negstive or positive sign is chosen according to whether the trajectory is

elliptic or hyperbolic.

D. Relations between the e and h Vectors and Classical Crbital Elements

The vectors & and h along with the time of perhelion passage T‘P campletely
determines the conic trajectory. These vectors represent six constant scalers five of
which are independent, To an astronomer, who is primarily interested ir knowing where
to point his telescope, the old method of defining an orbit by giving its classical orbitel

elements Q, i, w, 2, e, TP is very convenient, But in Astronautics velocity vectors
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play an important roll. The determination of velocity vectors of celestial bodies
having orbits defined by the classical osculating elemernts usually requires slow and
cumbersome mumerical differentstion of position vectors. By defining the trajectories
in terms of osculating e and h vectors, velocity vectors can be immediately calculated
by (13).

The classical orbital elements can easily be calculated for a trajectory

described by e, h and T, by referring to figure 2 where I is taken to be

an ecliptic coordinate system.
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Figure 2



We take M to denote the point where the vehicle rises above the ecliptic which is the
x ¥y plane and ::\; as a unit vector directed toward M. The point of perihelion is denoted
by P« The x axis is directed toward the vernal equinox for same epoch.

Now the time of perihelion passage TP is already given and |‘5| = e,
Thus,. only four of the six orbital elements remsin to be calculated. Fram (6) the

semi-major axis a can be obtained by

h

a=

o [1-¢f]

The inclination i of the trajectory cer be calculated from the relation

h

cos i = F:i (15)

A
where we writeh = (hl’ hy, h3) and e = (el, €9 e3). The unit vector n is given by

= (cos Q, sin O, 0)

=

consequently since

'y A
R~
kxh=hsini n

The longitude of the ascending node can be obtained by

= ~h,

SiP 0 FSin T L

(16)

The argument of perihelion w may be calculated fram



s o

o)

o >
[ ]

(17)

cosw =

[1.]

Similarly one easily finds that if a trajectory is defined by the classical

orbital elements, the e and h vectors can be calculated by the following formulas:

e = e(coe Q cos @ = cos i sin O sinw) (18)
e, = e(sin Q cos w + cos 1 cos..ﬂ sin o) (19)
ey = ¢ gsin i sinw (20)
hlthsinisinQ (21)
h2 = =h sin i cos 0 (22)
h3 = h cos i (23)

vwhere h = Vua |1—ezl

E. Lambert's Theorem

We now came to a fundamental theorem of Celestial mechanics known as Lambert's
Theorem, This profound result will play an important roll in the determination of
interplanetary trajectories, The theorem states that the time required for a body to
R,

-y
move from a point P with position vector E, to a point Q with pesition vector R,

depends only on R.I. + R2 and the distance ¢ between P and Q.
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The proof of this theorem can be readily found ir any advanced text on Celestial
Mechanics (see for example reference 2) and hence we shall merely state the associated
equations which correspond to elliptical trzjectories.

Let a body moving on an elliptic path be 2t the points P at time T, and Q at T2.
If ‘the arc PQ traversed by the body during the time intervel T = T2 - Tl is less

*
than 1800, then if F and F' denotes the occupied and vacant foci respectively

..,fB
T = Z'— 1-:(22 -t-sinmlx2 -\fl-xlz -sin-lxl (2L)

— %
provided the line segment PQ does not intersect FF and

5
T=\Ii’-— n+\f1-x22 +sin"1x2 +,fl-—x12 + sin x (25)

o M
if PQ does intersect FF shere

xl=1—§, :tc2=l--8—:,;E ands=!2'-(?'§+'fi"ﬁ+c).

The geometry of these two situations is shown in figure 3. By taking P and Q to

be perihelion and aphelion we find that the period P of the tresjectory is

~d

]

)

=
€[,
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Consequently if arc PQ subtended by P and @ lies in the renge [100 s 360 ] s

(2L1) becomes
a3 2 2 .
T =\ = O = A1l = X, - sin x, + 1-x%" +sinx (26)
0

and (25) beccmes

- f 3 / [ =
T =\[2 n=-/1l~ x?2 - sin X, - 1 - xl2 - sin . x (27)
18

If on the other hand we assume that the angle subtended by P and Q lies in the

range [3600, SbOO] s (24) 2nd (25) vbecome
3 : [ o
= E— 2n o+ \/l - x?2 + sin-1 x2 - 1l - xi? - sin 1 xi (28)
T =V§"3' In o+ ,f'l - < + cir‘--l X + " 1 - 5 + S"n-l (29)
i - X? ' - 2 Xl - JL_L

respectively. The eccerntricity cof the elliptic path corresponding to the case

L]

T : ﬁ"i* - : .
where P{ does not intersect Fr is given by

1
e={1-% (s-T) (5-T) (-xx +\F-X12\_f'x22)}2 (30)

c

o 3
If P§y does intersect Fr

(5-F) (5-TD) Q-m % =f1-5° [ - %) 7

V]
I
]
1
Q |r\3
|

Interplanetary conic trajectories of free-fsll space vehicles in the
foreceeable future will be elliptical. Thus if such a vehicle is to move 2leng zn

ellipticezl path leaving F et time Tl and arriving at Q at the time T the semi-major

2 3
axis a of the trajectory may be calculated by one of the formulas (24) - (29)

.

< m i : : : o
provided of ccurse the angle zubterded by F ard Q is net greater than SLO™.
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The eccertricity can then be calculated by (30) or (31). Thus recalling part B
of gection II the corresponding e ard h vectors can be calculated and hence the
trajectory can be completely determirned.

Now let us suppose that the point P reprecents a launch planet meving with
when the vehicle is launched., If 2t this moment the vehicle's

1

- -
velocity vector is V with respect to the sun and V! with respect to P we have

: —
velocity Vp at T

— = —
V=V + V!
p
Consequently
i
72 et T e (T-T) e (ToT)=vVP-oT T 472
P P p P
_ D
or if 4\(’,'\? =8
P
2 o y2 ooy v cose+vp2 (32)

Thus by the energy ejuatior (32

-2V ccs B + V 2
p E

which implies that V' is minimum when 6 = 0 2nd 2 is mirimum, From the definition

of zn ellipse we may writec

'1_1|
Lav]
+
i
)
]
ro
W

4

l-.ql

2a

&£
+
eS|

&

"

Hence we mey write

¥

25 =TP+TQ+c=(FF+ FP)+ (FQ+ FQ) + (c - FF = F'Q).

Thus

-

and since the sum of any two sides of 2 plare triargle is greater tuzr or equal to

the third side we Tind



The above results show th2t minimum launch energv trazjectories have 6 = 0 and
a = % where s is minimum (i.e. s = FP + FQ or equivelently when c = FP + FQ). These
minimum launch energy trajectories zre 2lso referred to as Hohmann trerzfers.

Figure L describes Hohmann transfers to venus and mars, Consequently it is important
to have a2 generzl idez of the properties of the functions (24)=(29). It is particularly
important to know how these furctiors compere witn each other.

Ccnsider the set of all pairs qf points P, Q such that FP + FQ and c remain
uncharged alorg with the occupied fccus F. Through each peir of poirts let us pass
all possible elliptical paths such that 0% 4PFQ £ 5L0° by varying the semi-major
axis and the eccentricity. The grazphs of T vs. a of the six furctions can then be
plotted for idertical values of FP + FJ 2nd c.

Figure 6 is ar example of how tiiese furnctiorns behave,
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Figure L



=20

5 [

s
|
|
|
|
|

=]

|

|

|

|

1

|

|

1

|

i

I

I

|
L

{ &
[ IT
I
Y

o~
)
]
A

-3
K &

Figure 6

In the above figure Tﬂ. and 1'12 are asymptotic values which can be shown to be
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B = 1 \/-—2- ‘[;B—-r ‘(5-0)3
3 u

When a = mimimum = % , the graph of (24) joins (25) at time TMl and the graph of

(26) joins (27) at time TM2 and the grzph of (28) joins (29) at time TMB' By

substituting a = 2 into (2L) or (25) we find

2
T = -SLE + i sin"l (&:- - l) + a
M 2u 2 s L

and substituting a = % into (26) or (27) yields
T - \/Ei ) S ‘/2 0w a) = i sin-l (22 - )
M2 2u L s s 2 s
Since THB - TMl + P (a= %) we have

3
Ty3 ™ g—; V€@ =-2S) +% sint (g-g--l) + g-n

s s

F. Extension of Kepler's Second Law of Planetary Motion

The second of Kepler's three laws of Planetary motion states that the
radius vector from the sun to a planet sweeps out equal areas in equal times. We
shall now show that this law also applies to parabolic and hyperbolic paths.

Let m denote the plane of motion of a body moving under the influence of
one and only one other bodye. Let-l: dencte the resulting h-vector of the

conic trajectory.
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Tigure T
Let S denote the area of n bounded by the arc of the trajectory and the radius

—
vectors R (Tl) and'ﬁKTe). If C denotes the boundary of S we write by Stokes' theorem

N A i
ff‘dR -//h- (gx 1) ds
C S
-—

where f is any vector function having continuous gradient Af over S, letting

e - —
f=CxR

X
where [ is any arbitrary constant vector we may write

/(fxﬁ\)-dﬁa //ﬁ°vx(fx§’) das. (33)
C S



With the 2id of the box product formulas it follows that

S V. J . 3 = -
" xRedR=dReC xR=7 ¢« RxdR

Recalling the formula for the curl of a cross product of two vector functions we write

RN I -

vx CxR) =R.vl{-T-VR+EV'R-RV.T.

A N
Since'f'is a const vector the dyadic vy and the scaloriJ‘C vanishe. Alsoc since
R=x1i+yi+ Zk, the dyadic§7iiis the idemfactor I for

S B EA A A

AA
VR=3—£1+S§1+azk'ii+jj+kk'I'

—
Thus by noting that A*R = 3 we obtain

—

= .Y Y -
7 x (L xR) = = Col + 37 = 2C,

1

By substituting these results into (33) one finds

< s Y A A A A
C ePRxdR=2C ¢h ds = 2C « h S,

C s

Y
Now C is any erbitrary constant vector, hence it follows from the above eguation that

i 3 = A
fodR=2hS.

Since
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the equation can be written as

T

e A
_—
RxVat=2h8

£

By employing (2) this result reduces to

Hence Kepler's second law of planetary motion helds for 21l conic trajectories.

Let T = T2 - Tl where Tl is the time of perihelion passage. Then by the above

result we may write

)
g8 _ % 2
E W hj R 4 8. (3L4)

Since (5) and (6) imply

de= > dR
R e sin 8
we obtain
R
dR

T.;{ (39)

VARVt

RO - "'1) _2

)

where R0 = a (1 = e) for elliptical trajectories and RO = a (e = 1) for hyperbolic

trajectories, The integral can be integrsted in closed form.



III, Using the Gravitational Influence of a Passing Planet.

The effort taking place in the development of space vehicles designed for the
exploration of the solar system is rapidly gaining momentum. Recent advances in many
fields such as metallurgy, chemistry and electronics are being applied to actual
hardware as soon as they became available. With the arrival of new sophisticated
long life interplanetary spacesraft many new coamplex deep space operations will be
possible. Such vehicles equiped with an advanced planetary spproach guidance gystem
could accurately control its entry into Il‘bhe vicinity of a passing planet., If the
mission does not require the vehicle to land or to orbit the planet the small guidance
package along with the planets gravitational influence gives the vehicle the potential of
radically changing its trajectory about the sun.

We now consider the problem of finding a conic spproximation of the trajectory of a
free fall vehicle in the vicinity of a passing planet such that its influence will
enable the vehicle to rendezvous with another planet. Let T denote any cartesion
inertial frame with the sun's center as its origin, Let 'F_'.' be a parallel translation
of T with new origin located at the center of a planet influencing the motion of the
vehicle. Let T denote the region of gravitational influence about the planet, It can
be shown that T can be taken as a spherical region with center at the planets center

and radius ¢ % given by

-
"
o
wiro
=]

where R is the distance between the sun of mass M and the planet of mass m.
The problem is formally stated as follows:
Suppose a free fall interplanetary space vehicle leaves a planet Pl at time Tl and makes

a closest approach to a planet P2 at time T2. The influence of P2 then causes the
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vehicle to rendezvous with a third planet P (P3 may or may not be P, indeed it may be

3

another space vehicle orbiting the sun). The planets Pl, P2 and P3 along with Tl and T

are given, The elliptical transfer trajectory from Pl to P2, the hyperbolic trajectory

2

in T, and the elliptical transfer trajectory fram P2 to P3 at time T3 are to be

determined,
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Figure 8



The following notation shall be employed throughout this section:

(a) PQ? = the elliptical transfer trajectory fram Pl to P2
(b) P’;p3 - the elliptical transfer trajectory fram P, to P,
(e) Ei (t) = position vector of P, with respect to T at time ¢ (1 =1,2,3)
(d) R (t) = position vector of vehicle with respect to T at time t
(e) ? (t) = position vector of vehicle with respect to E' at time t
(£) ?\i (t) = wvelocity vector a:di‘-P1 with respect to £ at time T (i = 1,2,3)
&) ¥, = wvelocity vector -of P, -with respect to-E at time T, .
(h) ? (t) = velocity vector of vehicle with respect to T at time t
(1) T (t) = velocity vector of vehicle with respect to Zl at time t
(3) Tl*, Tz* = time at which vehicle enters and leaves T respectively
(k) 8, 4; 83, £ = semi-major axis and semi-latus rectum of l{l\Pz and P';\PB
respectively
(1) él’ ]';1; "e:B, -}‘13 = E and H vectors of 1{1\?2 and {2\?’3 respectively
N
(m) 255 €59 h2 = gemi-major axis and E and H vectors of hyperbolic trajectory

1
in 7 with respect to £ (with respect to I, the trajectory in
T is not a conic and hence these quantities have no meaning)

~d)—""R, = Tradivs of P,

(o) d = distance of closest approach to the surface of P2

(p) vy = m, G where m, is the mass of P, and G is the gravitational constant

For definiteness we shall assume that 4 Ry (Tl)’ R, (T2) and 5‘ R2 (TZ)’ R3 (TB)

are not greater than 540° so that one of the formulas (2L) = (29)will elways be applicable.
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A, The Fundamental Equation

It 'rl* <t < '1'2* it follows from the above notations that

R (t) = Ta‘z(t)»fa‘(t)

whence by differentiation

Y |

T =7, « ¥ (@
Since half of the total time that the vehicle spends in T is very small campared to the

period of P, about the sun we may write

2

T(t) = ?2 + T (1)

and consequently

V() =T, 4+ ¥ (1) (1 =1,2) (36)

- —
Since V2 = ¥ « V these equations yield

2 » . . |2
(1)) = v22 + 2, TN + ('ri*) (37)

By invoking the energy equation (1L4) for hyperbolic trajectories we write

2
' *
¥ (Ti ) = Uy

p(T:) &



The radius of T at Tl
T; which is p (‘1‘; )e Thus the above equation implies that the vehicles energy with

1
respect to £ as it enters T is the same as its energy as it leaves 7.

*which is p (1,%) is almost identical with the radius of r at

] 2 ¥*

2 ~
Vo) = v (1) | (38)
Upon substituting this result into the difference of the equations given by (37) we find
2 _* * i v ® N
Teking the difference of the two equations given by (36) we have
=1 * a1 * = * — #*
v (T2 ) = V ('I‘1 ) =V (T2 ) =V (Tl )

and substituting this result into (39) we obtain an important equation by which all

three parts of the total trajectory can be determined.
* 2 * = =% - padk
v, - V() = 27, v(TzJ-V(g)) (40)

It should be born in mind that this equation in essence says nothing more than (38)

1
Its value lies in its form where the quantities are given with respect to L and not T .

B. The Determination of the Elliptical Orbits Associated with the Transfer Trajectories.
By the orbits associated with the transfer trajectories we mean the two closed

elliptical orbits about the sun where ;g\P? and P/D?B are sections, The elliptical

~~ 24
trajectory Pl P2 begins at the center of Pl with position vector Bl (Tl) and ends at a

* #*
point on the surface of T at Tl with position vector ‘Rh ('1‘1 )e The elliptical trajectory
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ends at the center of 1’3

R (T

w3le

/— part of P2P3 near P.2

Figure 9

-
with position vecter R, ('1‘3).

v at time T;

v at time T.Y

1

— part of

o

h

: & _
ﬂ3 begins at a point on the surface of T at r: with position vector R (Tt" and

P2 near PE‘

—



In the above figure the short solid line represents a small portion of P2's orbit
about the sun when the vehicle is nearby. The points D, E and ¢ are the planets

positions at Tl*, T2 and T; respectively. The longer solid line represents a small

portion of the vehicles trajectory near P2. The point A is the position of the vehicle

at the time Tl* as it enters T, B is its position at T2 when it is closest to P2 and

the point C is the position of the vehicle at time T; as it leaves the moving region 7.
The trajectory of the vehicle bounded by A and C is not conic since the figure is

drawn with respect to T, When viewed fram 5 this portion of the trajectory is hyperbolic.
The vehicle's ellipticle trajectories outside T appear as straight line segments because

—
of the scale of the figure, The sun is very far away and therefore the vectors R ('1‘1*),

-

'ﬁz (T2) and R ('!'2) sppear as parallel vectors. The dotted lines are contimations of
~
Pﬁz and ¥, P

Ve
on the orbits of P,].-}Z and P2 P3 at the time "I‘2 as though P2 did not exist. The

figure clearly displays some very important facts.,

1
The points B and B" correspond to the positions of the vehicle moving

1
It is easy to see that the position vectors of B and B" are almost idemtical with

A
R, (Tz). Thus by employing Lambert's Theorem using the appropriate formula fram (2L)- (29)
i

- N i
with T = T,-T, R = R (Tl) and R, (T2), the semi-major axis &, of P, P, can

be calculated. Then by using either (32) or (33) depending upon which formula was used to
_— 2
calculate a , the eccentricity e, can be found. Consequently since fl =a (1= e )

S _
the vectors and corresponding to ¥ P can be calculated by (8) = (12).
b | 172
—

— — —
i - - T = R = i i
Similarly by setting T T3 22 R =R, (Tz) and > R3 (TB) an application of

Lambert's Theorem yields 8y = a, (T3)° Since ‘I‘3 is urknown a, ie written as a, (TB)

meaning that 33 is a function of T Following the above procedure the functions ey (T3),

3.
— —

,23 (TB)’ e, (T3) and h3 (TB) can in theory be obtained, In practice these functions are

not actually determined since high speed digital computers makes it possible to give

'1‘3 an actusl trial mmerical value, Thus a, (TB)’ e (TB)’ ,% (T3)’ e (TB} and h3 (T3)

all take on actual numerical values corresponding to the trial value given to TB'



The actual value of T3 can be obtained by noticing a second important fact
suggested from the above figure. It is clearly evident that the vehicles velocity
vector at A and C are almost identical with the hypothetical velocity vectors at

B! and B". Consequently in view of our first observation these velccities can

easily be obtained by (13)
o 3 1 P A Y
V(Tl)'ll b, x (R, (T,) + &)

¥

T () - i B, (1) x(R, (1) + 3, (1)
T Y g Mgt B Mol e U

Thus the actual value of T, is that value yielding a solution to (LO)e In general

3
o
there are an infinite set of values of T3 generating vectors V (T2 ) which satisfies
(4LO) but we shall choose that solution which gives T, = T, the smallest value.

E 2
Thus a systematic search for T3 can be iritiasted which, when found, determines
2 - = 3t
the values of a3 €y }%, e3, and h3 along with V (T2 )« Hence the elliptical

orbits associated with fZPE and ﬁ;PB can be completely determined. We emphasize

*

=N - S
at this point that even though V (Ti*) and V (Té“) are known, Tl*, T2 s R (Tl*)

< —
and R (T2 ) remain to be calculated.



Ce The Determination of the Hyperbolic Trajectory
We now consider that part of the vehicles trajectory in v, This seemingly
difficult task of finding this trajectory turns out to be surprisingly easy.

g

Figure 10
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The sbove figure is drawr with respect to L'. Hence the vehicles trajectory in
T is hyperbolic. The points A,B arnd C correspond to the poirts A,B and C of the
previous figure. From (36) we calculzte the hyperbolic excess velocity vectors =t
A ard C.
1 =V - i =

The quantities 712 (Tl*) and V12

calculate their average v'g.

(T2*) sre now calculated ard in view of (38) we

=2 1B 2 * 2 3*
1 ] 1 T Vi "
! 2@ Cpd® ”2))

Thus by soplying the energy equetion (14) we calculate the semi-mzjor axes 2, of
the hyrerbolic trajectory.
3#
s il (41)
2

where

2 g : e
The term 2n2 is nezligible compzred to ?' o since with respect to the hyperbolic
trajectory the sphere of influence lies st infirity. Hence this term may be omitted
from (41) with little or ro effect.

If we dercte the length of theconjugate axis of tne hyperbolic path by b2 as

showr. in the figure one obszrves that

tan @ =

rmla‘
AVE N}
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where ¢ is one half of the angle between the asymptotes. Thus since the eccentricity

e, is relsted to a

2 5 and b2 by

/ b 2
2
& = 1*(@)

we obtain

cos f = = (L2)
Hence by studying the figure we find
(¥ « T (1Y) - W(T*)W(T*)wsé(l-- ¢)
1 2 1 2 2
which is expressible as
“ﬂ #* — * * ¥* 2
VE(TF) eV (T,) = V(1)) V'(T,) (1 - 2 cos” f)

Thus by making use of (42) the eccentricity of the hyperbolic path can be calculated by

1
2 v (T,%) v (7. 7
e, = = £ (L3)

] * 1 G _;l * 1_\1 *
LGRS O CADIRS G A IR LN C A

The distarce of closest approasch to the surfece of P_ can now be easily

2
calculated by

d = &, (62 - 1) = Radius of P (Lk)

2
If this quentity turns out to be negative the trajectory is obviously physically
unrezlizable, The value of T, is then progressively increased by appropriate

3
amounts until the next smallest value of T3 is found.
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Figure 11
Figure 11 represents the general characteristic properties of all T3 values in some

interval of time after T,. The values of T3' and T3" satisfy (LO) but give a negative

value to the distance of closest approach. TB“'is the next T3 value but yields a positive

distance of closest approach. This is the value we choose to take. T3l"is the next

possible T3 value yielding a positive value to d.

After T3 has been determined, the velocity at closest approach thA with respect

to P2 can be obtained by again making use of the energy equation. One easily finds

. u e, t+ 1 :
v -\/;f (————ez_l) (1)

2

The magnitude of the H-vector can be calculated by

h2 = v/uz a, (gg 1) (L6)

By observing the figure on page (34) of the trajectory of the vehicle in T with

respect to Z', the E and H vectors can readily be obtained by

L

EL (2,*) - T (1,%)

92 = Y 92 (1-57)
* = 3*

Ve (D) = T (TS0)
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T (Tl*) L (Tz*) -

=2
]
=3

— * — 3*
|70 (0*) < (1)

The position vectors of the points A and C with respect to Z' can now be

calculated by employing (L). We take as before
2
p (1) =p (T,) =p = (ﬁ) 5 R, (T,)

' * #*
since the radii of the spheres of influence at times T, and T, are almost identical

1 2
with the radius at the time T2- Consequently we have
2rH e (2 T @Man, -\  @E=2,2 (L9)
P i th i/ % 2 2) P ’

If we take AT to be the total amount of time the vehicle spends in v we obtain

. s
by (35) setting R = a, (e2 -1) and R = p

AT =2\ = (a = B) (50)

where

2
V/ * * 2 2
Q= p *+2a,p -a, (e = 1)

i 3 *
B = a, log [_._...__..._ (a+p+a)]
2 32 32 2

* *
Hence we may calculate T, and T2 by



Since Ti* and Téﬁ have been determined the position vectors of A and C can be calculated

with respect to T by

R =, (1, + 7 (1) (1 = 1,2) (51)

We have now completely determined both arriving and departing elliptical
transfer trajectories and the trajectory of the vehicle near the planet P2 which will

take the vehicle to P_.e Of course in view of the above approximations the trajectory

3

is not exact., However one may now, by an obvious iteration process, proceed to obtain
a trajectory which is arbitrarily close to the desired elliptical and hyperbolic parts
of the total trajectory. In practice it turns out that these approximations introduces
very little error so that it is impractical to obtain greater accuracy.

We sum up this section with a very important observation. Recalling the method
of solution we first determined fZ“Pz from the given initial conditions. Then we
prodeeded to find ?;\PB by solving (4O) such that d > 0. Finally the trajectory in

T was calculated., Now instead of terminating the mission at P, suppose we wish to

3

use P, to go on to some other planet say P Since the initisl conditions specifying

3 L*
Tl’ T2, Pl and P2 is equivalent (on an interplanetary scale) to specifying chPz we

simply tzke ﬁ;§P3 as an initizl condition to proceed to P Thus ?;NPh and the

h.
hyperbolic trajectory in the vicinity of P3 can be determined by a completely analogous
manner., Hence our method permits one to determine for more advanced and complex

space trajectories. The numerical results which we take up in the next section clearly

displays the feasibility of such advanced missions.
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IV. DNumericel Results

In Section III we were able to determine very general and complicated
interplanetary free-fz2ll trajectories., This was accomplished by employing the
vector technigues developed in Section II 2nd assuming that only one body of the
solar system at any given time influences the vehicles motion. The following examples
depict typical advanced free-fall interplanetary trajectories which we are corcerned
with:

3 Trajectories of vehicles launched from esrth a2t 2 given time T, which
makes a closest approach to venus at a given time T, (T, shall continue
to be called the venus intercept date) such that thé grgvitational
influence of venus sends the vehicle back to earth (earth-venus-earth)

i Trajectories of vehicles launched from earth at a given time T, which
intercepts mars at a given time T, such that the gravitationsal
influence of mars sends the vehicle back to earth (earth-mars-earth)

iii Trajecteries of vehicles launched from earth at T. making a closest
approach to venus at T, whose gravitational influgnce sends the
vehicle on an intercep% course with mercury (earth-venus-mercury)

iv Trajectories of vehicles launched from earth at T, making a closest
approach to vemus at T, where the gravitational i%fluence of verus
causes the vehicle to gntercept mars such that the gravitational
irfluence of mars sends the vehicles back to earth (earth-venus-mars-eerth)

v Trajectories of vehicles launched from earth at T, making a closest
approach to venus 2t T, which causes the vehicle %o intercept mars
which in turr causes tge vehicle to return to eartl where the earthts
grevitational influences causes the vehicle to repeat the sasme flight;
sending it on to venus such that venus's influence sends it to mars
whereupon the martiar gravitational influence causes the vehicle to
return to earth (earth-venus-mars-earth-venus=mars=earth)

These examples represernt only a very small fraction of the total number of possible
different types of advanced interplanetary free-fall trajectories having n-1

planetary encounters. For example the total number of different types of advanced
trajectories having only 2 planetary encounters of the form Pl'Pz‘P3 Where P, = earth is

3-1

9 or 811 In general the total mumber of different trajectories of the form

Pl-PZ-...-Pn heving n-1 planetary encounters is 9", Thus the trajectory given by iv
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is only one of the 729 different types possible of the form Pl-PE-P3—Pa where
Pl = earth.

Actual numerical calculations of even the most simplest types of these
advanced traicctories having only 2 planetary encounters have (as far as the author
knows) never been carried out. A few round trip trajectories to mars of the type
given in example ii have been calculated et the Massachuetts Institute of Technology
by R. Battin but these lacked an accurate determination of the critical hyperbolic
part of the trajectories in the vicinity of mars. Battin's calculations were
carried out by assuming that only the sun irfluences the vehicles motion during the
entire mission. He assumes that the effect of mars on the total trajectory can
be taken zs an "impulse in velocity znrlied at the instart the spaceship crosses the
martiar orbit." This assumption is indeed very good if the wofd Ptotz1l" is under-
lined. The most important part of the trajectory however, is not the trsnsfer
trajectories but the trajectory in the vicinity of mars when the vehicle is inside
its gravitational sphere of influence. It is this part of the trajectory which is
responsible for having the vehicle return to earth.

Bsttin repcrted on six different trajectories of which the shortest flight time
was about 1050 days (see "The Jeterminaticn of Reund-Trip Planetary Reconnaissance
Trajectories'; Journal of the Aero/Space Scierces; Sept. 1959). This minimum totel
flight time is obviously too long for serious consideration. Consequently as the
program feor the digital computer was being written corresponding to section III,
many important questionc remained unanswered. For example, since Battin calculated
flight times in excess of 1000 days for relatively simple trajectecries like ii how
much time would trajectories like iv require? Moreover it wes not even known whether
trajectories like iii were even possible, to say nothing of trajectories like v.

When the early numerical calculstions were confermed by elaborste inte.rating
programs at the Jet Propulsion Laboratory , the Cecmputing Facility et the University

of California at Los Angeles where the progrem was written, began the first extensive
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anzlytical analysis of these advanced trajectories. These early calculations at
UCLA not only proved the feasibility of such missions, they showed that in some cases
they would become an ecoromic necessity.

As the numerical calculations were stepped up by also utilizing the computing
complex at the Jet Propulsion Laboratory, taree distinct types of advanced missions
began to crystalize., These missions follow in a natural chronological order:

A, Urmmanned exploration of the inner planets by instrumented space vehicles

Bs, Initial irterplanetary missions by marred vehicles

Ce Interplanetary transportation networks to support manned bases on the
irner planets

We now consider each of the three types of missions separately.
A, Urmanned Exploraticr of the Inner Planets by Instrumented Space Vehicles
on Advanced Trajectories
This category of missions utilizing advanced trajectories must simultaneously
gatisfy the following three important requirements:
(1) short flight times
(2) 1low laurnch energies
(3) safe distances of closest approach
In view of the first desired characteristic property these missions employirg

anvanced trajectories must be of *the form

- - F
=P -k

where P1 = eartn, sz*'PB and must be either mercury, venus or mars. Consequently
the six possibilities are:

Earth=Mercury-Venus

Earth-Mercury-Mars

Earth-Venus-Mercury

Earth-Venus-Mars

Earth=-Mars=Mercury

Barth-Mars-Venus
Tke first two possibilities czn be eliminated immediatley because launch energies

for eartli-mercury transfers are very high.
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The last twc possibilities were considered to be impractical for urmanned space
probes. These trajectories shall however be studied and the results will be given
at a later date. Thus only two types of missions out of the six possibilities will

be considered in this paper.

a. Earth-Venus=Mercury

b. Earth-Venus-=Mars

The snalysis proceeded by first noting that any favorable launch period requiring
low launch energies and relatively short flight times for these advanced trajectories
will alsc be a favorable launch period for simple direct flight trgjectories to
venus, In general any favorsble launch period for amny advanced free-fall interplanetary
trajectory of the form Pl-P2-...-Pn where P1 = earth and P2 = verus will necessarily
be a favorable launch period for simole earth-vermus trajectories. The converse of
course is obviously false., In view of this simple but important observation, a great
number of these advanced trajectories were not calculated becsuse if a launch date
did not f2ll in some faverzble earth-venus launch period the advanced trajectory
would autcmetically require a high laurch energy. These favorable earth-vemus launch
periods were all Cournd by preliminary calculations utilizing Lambert's Theorem.

For each launch date (differing by 2 day increments and running continuously
through the entire decade) a large set of simple earth-verus transfer trajectories
were calculated corresponding to various flight times, Letting 612 denote the
heliocentric engle associated with esch trajectory, we partitioned each set into

"

three subsets cheracterized by 0° < @, < 180°, 180° < 61, < 360° and 360° < 8,, < 5u0°
The trajectories of each subset zre called Type I, Type Il and Type III respectively.
By the optimum Type I, Type II 2nd Tyve III trajectories for a particular lsunch date
Tl we shall mean the trajectories having lesst launch_energy from among thcse

trajectories in esch of the three subsets of the set corresponding to the launch

date Tlv For some launch dates these optimum trajectories have relztively low lsunch
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energies. These periods of relatively low lzunch energies sre the favorzble launch
periods. The favorable periods for Type I and Type II trajectories almost always
coingides with each other but the fevorazble pericds for Type III trajectories are
quite distinct from the other two. Type III trajectories require longer flight
times than those of Type I or Type II. Consequently we shall restrict the Pl-P2
transfer trajectories to be either Type I or Tyre 1L,

In Table 1 all the favorzble Type I ard Type II earth-verus launch periods
occuring in the 10 year time intervallbeginning with 1965 and running through 1974
are given, We observe that there are only six such periods for the decade. Each
period was choser to be approximately two months long. Notice that the middle of
successive periods are separated by sbout 19.2 menths. As one might suspect this
is approximately venus's synodic period. The table also gives some important
properties of the optimum trajectcries associsted with each period. The symbols
HEV, and HEV2 denote the vehicles hyperbolic excess velccity (in km/sec) as it
leaves the first planeﬁ (earth) and as it arrives at the seccrd planet (vernus)
respectively. A venicle's hyperbolic excess velocity at 2 planet is the amount
by which the vehicle's velocity exceeds the planet's excape velocity. The rlight
time (in days) is dercted by Tl?‘ In describing the launch or spproach energies ¥
we shell refere to the vis-viva energies which are the squeres of the hyperbolic
excess velocities; they shall always be ommitted. For example from
Table 1 Wwe observe that the lcwest launch energy required for Type I trajectories
of the 1965 period is 1l.8L times greater than the lowest launch energy for Type
II trajectorizs cf the same launch period.

In order that the full potentislities of the advanced trajectories corresponding
to a and b be clearly understcod, let us examine the optimum earth-mercury and
earth-maers trajecteries for tueir respective faverable launch periods during the
1965-197, time inucivale Celculations of ocptimum earth-mercury and earth-mers

trensfer trajectories were corried cut like those for the earth-venus trajectories.



TABLE 1

Some Important Properties of Optimum Earth-Venus Transfer Trajectories

TYFE I

Laungh Period Min HEVl Max HEV1 Min Tl2 Mex le Min HEV2 Max HE'-IE
10/17/65 - 12/L/65 3.65 .25 104 122 2.90 6023
5/10/67 - 7/11/67 2452 L.22 118 4L 2.66 5.61
12/10/68 - 2/6/69 2T 3.59 106 154 3.78 L.58
7/13/70 - 9/11/70 2.91 3.6L 96 1Lk 5.0L 5.75
2/21/72 = L/21/7? 3.50 L2 h N 136 5.02 T2l
10/13/13 - 12/6/73 3.65 L 440 102 199 2.51 6oLy

TYPE II

Launch Period Min HEV1 Max HEV1 Min T12 Max T12 Min HEV2 Max HEV2
6/21/65 - 8/26/65 2.69 3.66 13L 18l L.12 L.ué
L/2L/67 - 6/15/67 2.41 3.28 1L8 18l 2.86 Lob3
1/9/69 - 3/10/69 3454 3.74 168 178 L3 7.82
8/14/70 - 10/11/70 3.00 3.57 160 178 5.28 725
3/6/72 - 5/5/72 2.86 3Ll 164 186 L.86 6.59
10/5/73 = 12/L/13 g1 3.54 136 178 L.15 5.1




Some Important Properties of Optimum Earth-Mercury Trarsfer Trazjectories

T

ABLE 2

TYPE I

Launch Period Min HEV Max HE\.J':l Min T12 Max le Min HEV2 Max HEU2
1/1/65 - 2/3/65 7.20 7.88 86 114 15.42 18.32
12/6/65 - 1/17/66 6.84 7.82 86 122 15.57 18.0L
11/15/66 - 12/31/66 6.59 (% 86 126 15.50 17.05
11/10/67 - 12/12/67 6.u6 7.78 88 116 14.19 15.35
11/6/68 ~ 11/21,/68 6.85 7492 92 104 12.48 16.2L
2/15/70 - 3/1/70 8.01 8.14 88 100 14 .65 15.78
1/19/71 = 2/1L/71 7.50 T.94 86 108 16.00 17.07
12/21/71 - 1/28/72 7.0L 1493 8L 116 16.14 18.96
11/25/72 - 1/10/73 6.72 7.88 8l 126 16.13 17.59
11/12/73 = 12/22/73 6.49 1.13 88 124 14.85 15.99
11/¢9/7L - 12/5/74 6.43 T.87 90 110 12,15 15.36

TYPE II

Launch Period Min HEVl Max HEVl Min le Max T12 Min HEV2 Mex HEV2
8/28/65 - 9/19/65 7«50 (87 108 124 12,98 14.40
8/17/66 - 9/Li/66 7.98 8.2C 108 120 13.05 15.06
11/3/66 - 11/13/66 8.09 8.26 13L 142 12.15 14 .61
10/19/67 - 11/22/67 6.5k 7454 120 142 11,94 1L .6k
10/3/68 - 11/18/68 6.1l 7495 18 142 12.00 16.25
0/22/69 - 11/5/69 6.56 7.64 38 138 12:01 13.15
$/11/70 - 10/21/70 6.85 7.69 104 134 12.96 14.70
9/2/11 - 10/2/71 r - 7.86 106 126 12.95 14.63
8/25/72 - 9/12/72 7.70 T.93 108 122 13.35 1k .57
10/29/73 - 11/18/13 Tl T.94 13C 140 12,02 13,47
10/12/74 - 11/21/74 6.62 (n | 116 144 11 4R2 167




Some Important Properties of Optimum Earth-Mars Trensfer Treajectories

TABLE 3

TYPE I
Launch Period Min HEVl Max I-]IEV1 Min T12 Mex ’1‘12 Min HEV Max H.E'\I2
12/5/66 - 2/3/67 3.00 4.23 190 208 L.0S 6.89
2/2/65 - L/3/69 2.96 3.84 176 21}, 3.60 6452
L/23/71 - 6/22/71 2..81 3.52 136 228 2.80 3.61
1/7/13 - 8/16/73 3.80 L.25 154 198 2.55 3.4b
TYPE II
Launcii Period Min HE‘Jl Max HE‘I1 Min '1['12 Max le Min HEV Max I-IEV2
12/21/66 - 2/19/67 2.4 3.00 306 244 3.63 6.35
2/26/69 - 3/27/69 2.82 3.02 236 302 L.53 S.41
L/9/71 - 5/31/71 3.09 L4 .00 2Lk 296 3.10 3,76
8/L/73 - 9/11/13 1,00 L.20 36U LL2 3413 L.22
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Tables 2 and 3 give their respective pericds along with some important facts
similar to table 1. Since Mercury's synodic period is approximately % th.
venus's there are sbout 5 times as mery relative minimum launch energy periods.
Unlike the earth-venus periods, the minimum launch energy for each veriod for
the earth-mercury trzjectories sometimes vary by more than 200%. This is due
to mercury's high eccentricity and inclination to the ecliptic. Consequently
orily 11 earth-mercury launci periods appear in Table 2. These are the 11 most
favorable periods.

The syncdic pericd of vernus is approximately % 'ths. as long as the
synodic period for mars., Thus since there are 6 earth-venus periods for the
decade there shcould be only h% earth-mars periods. The ceginning of the decade
falls almost in the middle of ar earth-mars period. This accounts for the
expected half period. Table 3 displays the L complete earth-mars launch periods.

It is important to keep in mind that the trajectories described in the
three tables are ontimum trajectories., Thus from Table 1 we nctice that the
lowest hyperbclic excess velocity required to reach venus on a Type I trajectory
for the entire decade is 2.52 km/sec ard occures during the 1967 launch period.
Only 2.41 km/sec is required for a Type II trajectory which also occures during
the 1967 period. From Table 2 we find that the lowest hyperbolic excess velocity
required to reach mercury during the decade is 6.43 km/sec. The required
trajectory is Tvpe I and occures during the 1974 launch period. This minimum
energy is 267% grester than the lowest lsunch energy required to reach venus.
The lowest hyperbolic excess velocity required to reach mars during the decade
is 2.81 km/sec.

The information given in the tables clearly displays the following herd

facts:
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(1) Launch energies for direct earth-mercury trzjectories are very high.

(2) There are relatively few launch opportunities for direct earth-mars

missions; each are separested by approximately 780 days.

We shall now see thet the barrier obstructing trips to mercury can be
circumvented by replacing the earth-mercury trajectories by the earth-venus-
mercury trajectories and the lj available launch periods for trips to mars
can be increased to 7 by utilizing earth-venus-mars trajectories.

a. Earth-Venus-Mercury trajectories

We recall that any advanced trajectory having P1 = earth and P2 = venus
will necessarily require a high lzunch energy if the launch date does not fall
in one of the favorable earth-venus launch periods. Cocnsequently the numericel
analysis cof the earth-venus-mercury trajectories proceeded by first carrying
out a rough 2nalysis over each of the six earth=-venus launch periods given
in Table 1, These calculations were zimed at finding the approximate values
of the pairs (Tl’ T2) which yielded the most promieing trajectories for each
period. This invclved determiring many trojectories with initial conditions
(Tl, T2) represented by the intersections in a net about each launch period.

We shall refer to these nets as the coarse nets. For example the coarse net

about the 1965 launch period is shown by figure 12,
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Notice that this launch interval and its range cf flight times completely covers
the 1965 earth-venus launch period given ir table 1.

The calculation of this net was performed by first setting T, = Sept. 15, 1965
and T2-T1 = 70 days. After this trajectory was calculzsted (or rejected bacause its
flight time was too long or because it was physically urrealizeable) the next
trajectory having the same launch date but with T2-T1 = 76 days was calculated
(or rejected). This nroceeded urntil the earth-verus flight time (T2-T1) reached
226 days whereurcn the launch date was advanced 6 days to Sept. 21 and T2-T1
drovped back to 70 days. This was dore until the 19 different launch dates wer
exhausted., This inveolved the czlculation of 27x19=513 trajectories for each of the
two types of missions. The grid of this net will be referred to as 6 days by 6
days where the first number mesns that the venus intercept date was advanced by
6 day intervels for.eacn fired launch date 2nd the second number means that the

laurch dates were advaenced by 6 dsy intervals. This grid was used for all coarse

nets except for the 1967 period. In this case a 1l by Ly day grid was employed.
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These coarse net results revealed that all six earth-venus launch periods
were also periods for possible earth-venus-mercury missions., Thus it was discovered
that these trajectories were not only possible but even cccured during each earth-
venus period throughout the entirc decade.

Guided by the results of the ccarse nets a much more localized study was
begun. For each period this involved calculating a much finer net covering the
most attractive trajectories fourd by the coarse net. These fine nets employed a
grid of .2 by 2 deys. Thus corresponding to each launch date of the fine net as
many as 250 different trasjectories were sometimes determined. Consequently in some
fine nets almost 5000 advanced trajectories were calculated (of which many were
rejected). It was observed that advancing the venus intercept date by only .2
day increments sometimes produced a 200-500 km change in the distance of closest
approach. Thus when the distarce of closest apprcach became small for some launch
reriods a third extra fine net employing 2 grid of .0l by 2 days was calculated.
From the results of all these calculations the trzjectories having either the
lowest launch energy or the maximum distance of closest approach for each launch
date of a net were found.

A11 the tables appearing in this paper shall adhere to the follcwing notation.

HEVk = hyperbolic excess velocity (km/sec) at Pk
Tk,k+l - time taken by vehicle to pass from Pk to Pk+1 (i.eq; Tk+1 - Tk)
ek,k+1 - heliocertric angle swept out by the vehicle passing from Pk to Pk+1

amount of time (days) vehicle spends in Pk's sphere of gravitatioral
influence

3
—
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DCCAk = distance of closest approach (km) to Pk's surface

velocity at closest appreoach (km/sec) to Pk

=
=
O
o
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DAk = angular difference between the vehicle's velocity vectors as it
enters and leaves Pk's sphere cf influence

TFT = total flight time (days)

The quantities labled (B e T)k and (B « R)y are used by an integrating program at

the Jet Propulsion Laboratory which enables the actual trajectory to be precisely
A A
-
determined. The vectors B, T and R are defined with respect to Z' at Pk which is

taken to be an eclirtic coordinate system (ephoc 1950.0). The B vector is the

vector which meets the vehicles incéming hyperbolic asymptote et right angles (km) »
: A s
The unit vectors T and R are defined by

> % A
A v (T k-l) x k
T = :

ur *

70, ) x K|

- 2L ) A

A v (T x T
5 e k-1

%
LR T

where according to the notation oi 3Sectier IIT, T*k-l is the time when the vehicle
enters the gravitational sphere of influence of Pk.

The following comments shculd be carefully noted. They shall apply to all
the tables given ir this paper.

If some symbols do not have any subscripts the subscript k shall be
assumed to be 2, For example DOCA means DOCA2 etc,

The time corresponding to all given calender dates which appear without
any reference to a particular time shall always be taken as 1200 hours GMT.

The radius of the planet venus which is taken to be 6100 km was determined
optically (see reference 7). Corsequertly the distances of closest approach
to venus appearing in some of the tables snculd be understood to mearn the
distances of closest apnroach to venus's visible cloud layer as viewed

from the earth.



Earth=Venus-Mercury 1965-6

The first earth-vemus launch period for the decade under consideration occures
during the winter cf 1965. Although accurate planetary approach guidance may nct
be available for this launch period it may be vossible to place a vehicle on an
earth-venus-mercury trajectory by emploving advanced techniques of midcourse
corrections. BEven if the midcourse corrections were only partially successful the
vehicle could perhaps obtain very useful information about regions close to the sun.

Since detailed properties c¢f venus's 2tmosphere may still be unknown at this
time, the trajectories appezring ir table L were chosen so thst their distances of
closest approach exceeds 800 km while et the same time their launch energies are
nearly mirimum for each launch date of the period. These were found from the fine
net results. Comparing these trajectories with the gereral properties of optimum
earth-mercury trejectories we find some very sigrificant characteristics. These
trzjectories require less than % of the launch energies reguired for the optimum
earth-mercury trajectories for the periods occuring in 1965 and 1966. We also
notice that the mercury approach energies are less thar % of those resulting from
the more simpler direct flight trajectories. Flanetary approach energies will
become increasingly important when orbiting or landings on the planet become necessary.

The flight times required for these advanced missions are considerablylonger
than those rquired for the more simpler trajectories but they are guite within
reasorn, Turning to Table 3 we rotice that these flight times are in the szme range
of flight times required for direct earth-mars missions,

It is interesting to observe the strong influence which the gravitztionsl

field of venus exerts on the vehicle's trsjectory. During the 2 days when the

vehicle's motion is dominsted by verus's gravitational field, the direction of the
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vehicle's velocity vector is altered by s much as 55°,

Before considering these trajectories for the next launch period it is
desireable to have some general idea of the configuration of the planets during
the critical phases of the missions when the vehicle encounters venus and mercury.
This configuration is shown in figure 13. From the geometry of the situation we
find that the communication distances during the venus and mercury encounters will
be approximately 1.6 and 1.3 A.U. respectively. The figure reveals that special
consideration must be given to radio disturbance due to the sun during the mercury
encounter, This problem could be zlleviated by utilizing large radio antennas
with high resolution such as the new 210 ft. dish planned for the Goldstone site.
Figure 1l gives part of the Dec. 18 trajectory in the sphere of influence of venus.
The trajectory is drawn with respect to venus and hence is hyperbolic. According
to the scale of the figure the sphere of influerce has a radius of approximately
13 feet. The circle representing venus is its cloud layer and not its surface.

We have noticed that these advanced trajectories have only a fraction of the
launch energies apﬁ arrival energies charscteristic of the optimum earth-mercury
trajectories. Besides this grest saving of energy these advenced trajectories can
be used not omnly to reach mercury but also to enable the vehicle to perform various
tasks as it passes venus. For example the launch vehicle could carry two scientific
payloads, one of which could be "dropped off" as it passes vernus on its way to
mercury. Of course vehicles capable of carrying out these sophisticated missions
will weigh more than those reguired for direct earth-mercury flights but the
proportional difference in weight should be more than off set by the lower launch

energies required for these advanced trajectories.
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EARTH=VENUS=M£RCURY

1965-6
e a8 2N X
_.;Iirl]:gH HEVl Tl2 Gl > BeT B*R HE‘J’2 TISI DOCA VACA DA T23 323 HIW3 TT
Yov. 28 ' L.39  186,9 26L .93 -12810.: 123. E 1.15 E 1.94 ; 1849. 11.53  52.72 110,98 2u1.11  9.13  297.92
0 L.32 1853 263,55 -128l5. 12k, | 7,10 | 1.95 1832, 11,50 | 53.22 110.25 239.41 9.1 295.59
Dec. 2 L4425 183,75 ¢ 262,16  -12863. 158, | 7.06 | 1.96  1805.  11.49 | 53.71 109.60 238,12 9,18 293.35
b L9 182,15 260,77 12869, 108. | 7,02 | 1,97 1772, 11,48 | 5L.18 108,82 236,05 | 9.28 290491
6 113 180.55 259,30 12862, 50, | 6.99 | 1.9 | 1733, 118 | 5u.63 107.92 233.98 9.0 28B.LT
8 L.09 | 178.96 ' 257,99  -12842. -15. | 6.97 | 1.99 1688, 11,49 = 55.06 107.09 231.93 9.55 286,05
10 L5 | 177.36 256460  =12807.; =91. | 6495 1,99  1637.  11.50 | 55.45 106,26 229.86 9.1  283.62
12 L.l | 175.56 = 254,89  =12843.°  36. | 6,91 2,00  1635. 118 | 55,76 106415 229,83 9.69 281.71
W 3.99 173,76 253,18  -12857. 132. | 6,89 2,01 | 1622, - 117 | 56405 105.95 229,53 L 9.70 279,71
16 397 | 171.97 ¢ 2517  -126L8.1 186. | 6,87 | 2,01 1596,  11.47 | 56432 105,65 228,87  9.75 277.61
18 3.97 | 170,17  2U9.76 | -12820.| 205. | 6436 2,01  1560.  11.58 | 56457 105.62 227495 S.B83 2753 Y
20 3,97 | 168,17  2U7.73 | -12833.] 397, | 6.84 2,02 1557, 1147 | 56,76 105.47 228.66  9.75  273.65
22 L.00 | 166,17  245.70  -12817. 547. 6,83 | 2,02 1538,  11.48 | 56.92 105.59 229,04 9.71 271,76
2 4.03 | 165,38  2U5.57  -12Uh3.; =358, 6.91 |, 2,00 1288,  11.65 | 57.25 102.31 220,06 10.76  267.69
2 L.OT | 16478 2U5.75  -11927.1-120hk. .01 | 197 | 979. | 11.87 | 575 99.19 212,80 11,86 264,27
28 L.a12 ¢ 162,98 2u40L  -11830.,-1256.  7.03 | 1.97 | 920, ? 11,51 | 57.83 99,10 211,78 = 12,03 262,08
30 L.9 | 160,98 . 242,01 -1178?.?-1203. 7405 [ 1.96 ; 893, j 11,94 57.80 99.02 211,51 12,09 ' 260,00
Jan. 1 L.27 © 258498 | 239.98  -11718,-1173.  7.07 | 1.96 | 855, | 11.98 | S7.74 98.91 211,10 12,18 257.89
30 43T 156,79 1 237.6L | -11686.:-1047. | 7.10 | 1.95 | B8O, | 12,00 | 57.58 99.08 211.32 . 12,15 255.87
5 L9 | 15459  235.29  ~11621.0 =945, | 7.13 | 1.54 810, | 12.0h | 57.39 99.20 (211.37 | 12,21

. a0 s

1 253,79
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Planetary Configuration For Earth-Venus-Mercury 1265=6
(Dec. 18 Trajectory)
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Earth-Venus-Mercury 1967

From table 1 we notice that the second earth-venus launch period occures during the
summer of 1967. The advanced trajectories for this period come very close to vemuse
Consequently an extra fine net was calculated to find those trajectories corresponding
to the different launch dates which maximized the distance of closest approach.
Table 5 is an example of how these greatest passing distance trajectories were
fourd. In particular it is a set of trajectories for the June 7 launch date. BEach

'%rajectory was obtained by advancing the verus intercept date T2 by only .01l day
increments. The extra fine net calculates these sete for every launch date of the
period. Of course trajectories for this launch date passing much farther probably
exists but they will have {light times or launch energies several times greater.
Thius it shall always be assumed that maximum passing distance trajectories or
minimum launch energy trajectories are referred to only those trajectories having
short flight times and lowest possible launch energies.

The maximum passing distance trajectories for the various launch dates of the
1967 launch period appear in Table 6, If measurements of the venusian atmosphere
show that the density at various altitudes is approximately twice as great as the
densities for the earth these trajectories would be very questionasble. On the
other hand if the density at various altitudes is approximately equzl for both
planets, these trajectories may in fact be ideal., A vehicle passing just outside
venus's atmosphere on its way to mercury could easily cbtain excellent observations
and measurements. Since these trajectories pass venus on the sunmy side they would
enable the vehicle to obtair very good spectroscopic measurements of its atmosphere,
Moreover, equiped with an ordirary camera, the vehicle may even obtain pictures

of its surface,



SOME  IMPORTANT PROPERTIES OF EARTH-VENUS-MERCURY TRAJECTORIES
(June 7, 1967 Launch)
Lsu:ch HEV, T, 8, BT BeR HEV,  TISI  DOCA  VACA DA Ty, 8,  HEV,  TFT
ate
June 7 3.56 | 107.32 | 117.77(11Lk29, | -1524. | 6.uk 2.13 6.7 12,16 | 68.37| 71.70| 189.38 | 9.82 | 179.02
" 3.56 | 107.33 | 117.79|11L48. | -1482. | 6.4k 2.13 15.8 12.15 | 68.3L} 71.71| 189.4k | 9.80 | 179.0L
" 3.56 | 107.34 | 117.80(11L68. | -1437. | 6.k 2.13 25.2 12,14 | 68,31) 71.72| 189.51 | 9.78 | 179.07
" 3.56 107,35 | 117.82{11487, | -1390. | 6.43 2.13 3.5 12,14 | 68.28( 71.74| 189.58 | 9.75 179.09
" 3.56 107.36 | 117.83{11507, | =1343. | 6.43 2413 k3.9 12.13| 68.25] 71,76} 189,65 | 9.13 179.12
" 3.56 107.37 | 117.85{11526. | -129L4. | 6.43 2.13 53.1 12,12 | 68,21 | 71,77 189.73 | 9.70 179.15
" 3.56 | 107.38 | 117.87{11546. | -1243. | 6.43 ¥ 213 624 12,11 | 68,18 71.79| 189.81 | 9.67 | 179.17
" 3.56 | 107.39 | 117.88(11565. | -1189. | 6.43 2413 | 7.8 12,11 | 68415 71.81| 189.89 [9.65 | 179.21
" 3.56 107.40 | 117,90(11585, | -113L4. | 6.42 2.13 81.3 12.10 68.12i 71.83| 189.99 | 9.62 179424
" 3.56 | 107.41 | 117.91)11604, |=-1075. | 6.42 2,13 90.9 12.09 | 68.09 | 71.86| 190.09 |9.59 | 179.27
" 3.56 | 107.h2 | 117.93|11623. |=-1015. | 6.L42 2.13 | 100.2 12.08 | 68.05| 71.89| 190.19 |9.56 | 179.31
" 3.56 | 107.43 | 117.94(116L3. | =951, | 6.L42 2.13 | 109.7 12.07 | 68402 71.91| 190,30 |9.53 | 179.35
" 3.56 | 107.hk | 117.96|11662. | -883. | 6.42 2.13 | 119.2 12,07 | 67.99 | 71.95| 190.43 |9.49 | 179.39
" 3.56 | 107.45 | 117.9711681. | -B12. | 6.42 2.13 | 128.6 12,06 | 67.96 | 71.98 | 190.56 |9.46 | 179.43
" 3.56 10746 | 117.99 |1169k4, | =T66. | 6.41 2.13 135.4 12,05 | 67.93 | 72,00 | 190,64 |9.LL 179.46
" 3.56 | 107.47 | 118,01 (11717, | =6LL. | 6.41 2.1L | 1k6.5 12,05 | 67.90 | 72,06 | 190.85 {9.39 | 179,53
" 3.55 107.48 | 118.02 (11733, | -588. | 6.41 2.14 155.1 12,04 | 67,87 | 72.10 { 191.00 |9.35% 179.58
" 3.55 | 107.49 | 118,04 [1175Ls | =477, | 641 2.1L | 165.8 12,03 | 67.83 | 72.16 | 191.2L |9.30 | 179.65
" 3.55 | 107.50 | 118,05 11770, | =380, | 6.41 2.4 | 17h.Jk 12,02 | 67.80 | 72.23 | 19146 [9.25 | 179.72
" 3.55 | 107.51 | 118,07 [11787. | =261, | 6440 2.14 | 183.4 12,02 | 67.77 | 72.30 | 191,74 [9.20 | 179.81
" 3.55 | 107.52 | 118.08 [11802, | -111. | 6.40 2.4 | 192.5 12.01 | 67.75 | 72.41 [192.11 [9.13 | 179.93
" 3.55 | 107.53 | 118.10 [11815. 86. | 6.0 2,14 | 200.9 12,00 | 67,72 172,57 |192.65 [9.05 | 180.10
" 3.55 | 107.5L4 | 118.11 [11762., 967+ | 6440 2.14 | 187.5 12,01 | 67.81 | 73.53 {195.83 [8.69 | 181,07
" 3.55 107.56 | 118.15 (11618, | 15L46. | 6439 2.14 1156 12,06 | 68,25 | Th.52 [198.97 [8.50 182,08
i 3455 107,57 | 118,36 1841, | 1761: | 6:39 2.1L 76,7 12,08 | 68,47 |75.00 |200.51 |B.L6 ' 182.57
» 3.5% 107.58 | 118.18 11457. | 1949, | 6.39 2.1h 31.0 12,17 | 68.7L4 [75.50 [202.10 [B.L45 183.08
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TABLE 6
EARTH-V 7NTIS-MERCURY
1967

LAuCH BEV, T, e, BT BeR HEV,  TISI  DOCA  VACA DA T,y O,  HE, T
Jue S 3.5 10940 119.81 11812 | 21 637 2,5 170, | 12,01 | 68,18 72,87 1193.42 [8.96 | 182,27
7 3.55  107.53 118,10 11815, . 86. | 6.L0 2.1 201. 12,00 | 67,72 72,57 |192.65 |9.05 | 180,10
9 3.55 ' 105.67 | 1161 11816, LS3.  6.L2 2.13 23l 11,59  67.29 [72.71 1193.35 [8.92 | 178.38
11 3.56 103.80 | 114,71 = 11816. 361, 6.5 1 2,12 260. 11.99 | 66.88 T72.L3 2192.65 8.5 176,23
13 358 101.52 ;112,99 11808. | LS. 6.8 | 2,12 260,  11.59 - 66.47 72,00 1191k |9.15 | 173,92
15 3.61 100,05 | 111.29 11793, 273, 6,50 ;| 2.1 256,  11.59  66.l 72,00 191.66 |9.08 | 172,05
17 3.65 9816 | 109.57 | 1177, i 158, 6,53 | 2.10 . 307, 12,00 1 65.80 7.4 191.02 19.16 1 169.91
19 3,70 96428 | 107.8h 117u5. ; 10. 6,56 | 2,09 - 311, 12,01 | 65.49 (71.49 '190.36 [9.25 | 167.77
21 3,77 9h.39 | 106.12 + 11709. = -22. 6,58 | 2,08 309. 12,03 | 65.22 71.32 189.99 19.30 . 165,71
23 3.8) | 92.52 |10kl 11668, | L. 6.61 | 2,08 301, 12.05 | 65,00 T1.18 189.Th 19,31 |163.69
25 3.93  90.63 | 102,69 11617, | -LS. 6.6k L 2.7 %. 12,07 | 64480 171,00 1189.35 19436 1161.63
27 LCh 1 88,73 | 100,95 11552, =IiT. = 6.67 | 2.06 262. 12,11 6L.6L 70.81 1188.91 9.l | 159.55
29 L6 £6.85 99.22 §11u80. 5-189. - 6.69 i 2,05 230, 12.14 i 6L .52 70,66 5188.58 i9'h8 ;15?.50
Juy 1 L.29 | 81,96 97.51 i11399. =195, 6,72 | 2.0k 139, 12,18 . 6L.u6 .70'52 188.21 9.51 1155.L8
3 hLJil | 83,08 95,78 111304, -2u5. 6.75 2.0l 12,23 | 6L.uk 70.36 187,99 1153.LL

|

139.
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Planetary Configuration For Earth-Venus=Mercury 1967
(June 19 Trajectory)
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departing asymptote

approach asymptote

Figure 16
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Unlike the trajectories for the 17€5-6 lasunch period taese trajectories take
the vehicle less than hzlf way around the sun for the esrth-verus legs of the
mission. The transfers to mercury are also sncrter. Thus these trajectories have
flight times approximately 100 days shorter than those of the previous launch
interval. Notice that the launch energies zre lower than those for the 1965-6
launch period. The mercury avproach erergies are slso lower, One observes that
a vehicle moving on these trajectories spends slightly more time under the gravitational
influence of venus. This together with the fact that these trajectories take the
vehicle very close to venus's surface irdicates that the vehicles direction of motion
will be changed by an amount greater than thet for the previous launch period. This
is indeed true for the table shows that the vehicles velocity vector will be
deflected approximately'loo more thsr. the changes occuring for the 1965-6 period.
Figure 15 displays the plaretary configuration for the 1967 launch period.
It shows that excellent communication with the vehicle should be pecssible (except
of course when it passes behind verus) throughout the ‘entire mission. At the
verus and mercury encounters the ezsrth's distence sheculd be approximately .29 and
1.3 A.U. respectively. Figure 16 displays pasrt cf the hyperbolic trajectory in

the vicinity of venus correspcnding to the June 19 launch date.

Earth-Venus-Mercury 1969

/
The third fsvorsble launch pericd for these 2dvanced trajectories occures

during Jeznuary of 196S5. A fine net calculatior was found to be sufficient for
determining the trejectories havirg least launcn energy for each launch date. These

minimum lsurch energy trajectorics 2ppzar in Tsble 7.
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TABLE 7

SOME IMPORTANT PROPERTIES OF EARTH-VENUS-MERCURY TRAJECTORIES
1969

SNy
LA . .
DE?%H HEVl Tl2 912 B.T BeR HEV2 TISI DOCA VACA DA T23 623 HEV3 TFT

Jan, 3 L.89 204,76 ' 269,87 =12088. L4899, 6.75  2.04 1634, 11.38  57.3L ;115.\: 229,67  9.55 319.76
5 L7 2036 | 2687 -1225h. L63T.  6.68 2,06 1612, 1.3 | 58.07 111.50 220,23 9.82  31L.66
T L.68 20176 267.39 -12170. L65S.  6.65  2.07 1510, | 11,38  58.85 110,42 217.91 9.9k  312.18
9 L.59 200,36 266,32 -12069. L6T8.  6.62  2.08 140l. = 1142 | 59.63 109.k2 215.79 10.07  309.78
11 L8 198,76 . 26L.92  -11941, LBT2.  6.57 2,09 1302. j 10k | 60458 l109.8§ 217.51  9.86 308,60
13 L0 197.37 | 263.85 -11835. LB50. 6.5k 2.0 1186, | 119 61433 1108.5?; 214462 10,05 305493
15 Le30 195,77 262,45 =11533. 5294,  6.50 2.11 g 1053. 5 11,54 62437 -112.06 224.89  9.L8 307.77
17 Le22 194037 | 261438 -11581. LOLT.  6.u 2411 9%k, | 11.58 62,99 107.3 21245 103 30073
19 43 192,77 | 259.99  -11455. 502k 646 2.2 B5. | 11.63 63.8Y '107.15_ 212,37 10,08 299.94
21 405 19118 258,59 ~1132k. 5081,  6.43 2,13 732, | 11.68 | 668 106,85 212,02 10,06 298,03
23 3.96 189,38 i 256,88  -11209. 5226,  6.39  2.1L| 645 | 11.T1  65.57 107.67 21k.6L 979 279.08
25 3.89 187.78 | 255.49  -11079. 5228. 6,37 2,15 | 529, | 1177 | 66.33 [107.01 213.26  9.86  290.T9
27 3.82  185.98 | 253.79 -10960. 5328. 6.3  2.16  L39. | 11.81 67.13 107,72 5215.52 9.6 | 293.69

- I
29 3,76 18L.39 : 252,40 - =10829, 5277, 6.33 2.16 316, 11.89 67.85 106,59 212.71 [ 9.83 - 290.94

3 370 182,59 | 250,69 -10713. 53k, 6,31 2,16 221, | 11.9h 68.56 106,70 213.78 | 9.75  269.28

Feb, 2 3.65 180,79  24,8.99 -10596. 5325,  6.30  2.17 : 124, 12,00 69.2L4 ;106,61 213.L0 | 9.73 287410
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The advanced trajectories for the 1965-6 period all hove Type II earth-venus
transfers and Type II venus-mercury trensfers. The trzjectories for the 1967
period have Type I earth-verus with Type II venus-mercury trarnsfers. The Type I
earth-venus trnsfers caused the flight times for the 1967 trzjectories to be
much sherter then those required for the 1965-6 trajectories. From Table 7 we
notice that these trajectories are very similar to those occuring for the 1965-6
period. Both earth-venus end venus-mercury transfers zre Type II. It is important
to point out thet the mirimum lazurch energy trajectories appezring in Tsble L4 for
the 1965-6 veriod were obtzined from orly those trajectories of the fine nct
having distances of clcsest approach greater ther 8600 km., This constraint was
not applied to the advarced trajectories of the 196S period. If this constraint
were removed the minimum launch ehergies would rct continually decrease like those
for the 1969 period. In additier to continually decreasing lsunch energies we
notice that it has continuslly decreessing distances of closest aoprcsch elso.
Except for one or two cases these minmimum lzurch enerzy traijectories also maximized
the distences of closest approscine This property 2lsc occures for many of the
launch dates of the 1965-6 trajectories. Strictly speaking this property did not
show up for the 1967 period but sirce the venus intercept dates are so sensitive
Tor this period their lsunch ercrgies differed from the lowest for esch launch
date by an extremely -mz11 amcurt.

Figure 17 gives the plaretery corfigurstion during the criticel phases of
these missions. Ore obscerves that 2t the mercury encounter the sun is a2lmost
directly tetween the earth snd mercury. This false representetior is due to the
fact thatithe figzure is only 2 rough twc dimensional approximetion of thée real
situetion. However there should be very serious difficulties with radio communicat:ior
since mercunyvﬂll.bc neer it< superior conjuncticrn a2nd the earth-sur-mercury angle
should be zbout 168 to 172 degrees. Only the lsrgest radic snterras could perhaps:

ccpe with this situation,
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Planetary Configuration For Barth-Venus-Mercury 1969
(Jan 23 Trajectory)

Earth at Jan 23
Earth at Mercury encounter

Venus encounter

Mercury encounter o -

Earth at Venus Encounter

Figure 17
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Figure 18



At the verms encounters the communication distances should be approximately
1 A.U. During the mercury encounters the communication distances shculd be about
1.4 A.U. The Jamary 23 trajectory in the immediate vicinity of venus

appears in figure 18.

Barth-Verus-Mercury 197C

The summer of 197C finds us ir the next earth-verus laurch period. This
period is unusually faveorable lor ﬁhis perticular type of advanced trzjectory.
We snall discover leter that this leunch period is clso very favorable for other
types of advanced traiectories.

Ar éxtre fire ret waes calculated over this perieod to find the mirimum launch
enerzy trsjectories. These trzjectcries zpresring in Table 8 cover a 50 day

lzaurch intervzl., From thi= table we immedizstels

cocerve thet tnese trajectories
nzve lower lecurcn erergies zrd enorter rlicht times tharn those trajectories of
the previous periods. Thne casth-verus trsnsiers rejuire orly soout 35% more

s

launch erergy than oplimum earth-verus trejectcories. The shert [light times

- 5

are due tc the fact tnat belh eartu-venus 2rd venus-mercury transfer:z are Type I.
It must ve poirted out however tnzt thnese trecjectories have higher mercury

gprrosch erergies but by cbservirg the optimum esrtli-mercury trajectories irn

cvle 2 we find thet tihz aornroack encrzgize are still muchk lower tnzn those

3

=

{C treiectories.

)

]

regulting from the direct flizht 1

-

fcr tnis leurch period is given in fizur 15.

[ =
ot ]
14}
e
F_“
e
by

Lotice that the trajectoriez 21llcw the vehicle to remzin relstively nesr the
cartn. At the venus enccurters the ezarth is approﬁ_‘mately .35' AU, away.
Juring the mercury encourters the earth is approximately 1.2 A.U. away. The

figure shows that these encounters
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TABLE 8
EARTH- VENUS-MERCURY
1970

LEUNGH 5V, B 8y BT B.R HEV,  TISI  DOCA  VAGA DA T,y Oy  HEV;  TFT
Jily 25 3.7 123.23  130.18 13213. B89k. | 7.07 | 1.9h 2156, « 11.3k  52.25 | 58.95 1h2.67 12.75  182.23
27 3.7k 121,46 « 128,56 13278, 9Lb. Ta12 1.93 2265, 11.33 51,42 @ 58,85 1h2.62 12.75 180.30
29 371 119.6L 126,54 13L06. 936, Tell 1.92 2,25, 11.29 50.L4L | 58.87 142,97 12,6L 178,51
31 3.68  117.82 125,31 13579, 866.  T.21 1.91 2622, 1 11,2 L9.35 « 59.00 143,63 12,48 176,82
Aug. 2 3.65 115.98 123.67 13607, 9L%. 125 1,90 2698, 11.24 - 48,71 | 58,83 143,36 12.49 174,81
3.62 114,15 122,02 13727. 92k,  7.30 1.88 2850,  11.22 L7.33 . 58.86 143.69 12.39 173,01
2,50 112,31 120,37 13895, 829,  T.34 1.87 3040,  11.18 16,84 59.00 1Lk, 12,25 171.31
3,56 110,48 = 118,72 13996, 808. T.38 1.86 3173. 11.16  Lh6.c6  59.00  1Lk.6O 12,18  169.u48
10 3.5 108,63 ; 117.0L 1L0%C. 785,  TJi2  1.85 3300, 11.14 . 45.33  59.00 144,82 12.12  167.63
12 3.53 106,78 ' 115,37 1L18l. 753. ToliT 1.85 323,  11.13  Lh4.62 ' 59.00 145,03 12.06 165,78
1 3.51 104,92 © 113,68 14163, 893, T.51 1.8 3454, 11,15 © LLe20 - 58,75  1hl.h9 12.10 163.68
16 3.50 103.07 111,99 ‘14112, 1061. : 7.55 1,83 3456, 11,18  43.88 ' 58,45 143,77 12,17 161.52
18  3.50 | 101.22 . 110,31 1Lh32., 6L9.  T.59 1.82 3768, 11,11 L2.66 . 59.00 1L5.66 11.91  160.22
20 3.50 ¢ 99.35 | 102.60 14256, 1028,  7.63  L.81 3662,  11.17 | 42.66 | 58.u1  1LL.OT 12,07 157.76
27 | 3,51 9749 © 106,89 14281, 106L.  7.67  1.8C 3725, 11,16 : 42.19 | 58.31 1L3.9h 12,06 155,79
2l 3,53 95.63 105,19 ‘14630, S0L. 7,70 1,79  hoS6. © 11,00 L0.99 | 59,00 146,23 11,78  154.63
26 3.56 93.69 | 103,36 13413, 2002, 7.76 1.78 | 3099, 1.k L3l 56,40 138433 12,90  150.09
28 3.59 91.89 101,75 i1uu80. 900, 7.78 1.77 | LoOk. ~ 11.17  LO0.58 58,36 1LL.67 11.90 150425
30 3.63 90,02 = 100.03 (14755, = 320, | 7.82 5 L272, 11,12 39.60 59,00 146,77 11,68  149.02
Sept 1 3.68 38.14 | 98430 ilh???. i 250, | 7485 1.76 ? 1325, 11,14 39,21 | 59,00 146,95 11.65 1h7.1L
3375 86,27 1 96,56 1450l | B67. | 7.89 175 | hl2l.  11.22 39,09 | 58,18 1467 11.83  Lhh.hS
5 3.82 84439 | 9481 |1uL2B. | 958. | 7.93 1.7 | L4089.  11.25 | 39.31 | 57.98  1LL.22 11.86 | 142,37
7 31 | B2z | 93,08 |WBh. | TT7. | T.9T L4 | W63, | 126 | 38.87 | 58,13 1hh.Bh 11.T8 | 140.6L
9 4.2 | 806k | 91.33 143Bh. | 866. | 8,00  1.73 | 106, 11,30 ! 38477 | 57.91 ; 14L.38 '11.80 | 138.55
11 L1k 78,76 | 89.55 14400, | 683, | 8.01 1,72 | Lihés « 1Xs32 | 38,43 | 58,05 & 1Lk.95 '11.73 136,81
13 o7 | 76.89 | 87.0 | } 199, | 8.08 171 | lLok2. 11,37 | 57.79 | .34 11,77 | 134,57

| 38 Jily




Planetary Configuration For Earth-Venus-Mercury 1970
(Aug 18 Trajectory)

Venus encounter

Earth at Mercury encounter : Barkh b Waisin encsiiies
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Mercury encounter : Earth at Aug 18

Figure 19
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occure when mercury is near greestest elongation. Thus ideal radio communication
with the vehicle should be availeble during these encounters. rigure 20 displays
the August 18 trajectory when the vehicle is well withir the gravitational sphere
of influence of vermus. We recall that the redius of this sphere of influence

“accordirng to thescale of the figure would have a radius of appreximzstely 13 feet.
Eerth-Verus-Mercury 1972

The fifth earth-venus launch period cccures during the spring of 1972.

The advanced trajectories of this period will take a vehicle fairly close to
venus's cloud layer. An extrs fine ret wes calculated so that the trajectories
having maximum closest approzch distance could be found. These trejectoriecs

which are given in Teble ¢ 2lso minimize the 1launch enerzy. This property

which appeazred in the first 3 launch veriods was absent from the 1970 trajiectories.

The earth-verms and venus-mercury transfers are Type II and Type I respectively
and hence are very similer to those corresponding to the 1965 periocd. Both
periods have continually decreasing lsurch erergies.

From Table 2 one observes that this is tne first period which has mercury
approach erergies higher then those resulting from the optimum direct earth-mercury
trajectories. This undesirable property cannot be removed by sacrificing a
little launch energy because amny change would require closer distance of closest
approach.

Figure 21 shcus the planetary corfigurction for this launch period. The
venus and mercury ercounters occure approximately 1.2 and 1.4 A.U. from the earth
reép5ctive1yf

The trejectory close to verus having the #4pril 1 launch date znpears in

Figure 22.
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TABLE 9
EARTH-VENUS-MERCURY
1972
\JNCH HEV T BT  BR . N A v T e HEV TFT

March 18 'L.62 206,70 272,60 -10283. =3956. 7.61 | 1.81 | 65h.  12.1 153,97 167,28 | 153.53 15.22 | 293.98
20 L.52 205,15 271.3L -10685.° -2630. 7.5h . 1.82 | 630. © 12.38 | 5,66 85.51 ! 149.16 15.86 29066

22 ‘L3 202,72 270,27 -10T16,  -2797. T.L9 1.33 | 610, 12,37 1 55.15 85,00 g 148,40 15.84 288,72

2 L33 202,21 269,08 -10717. =3105. T.ll 1,86 ! 637, 12.32 | 55.50 ‘-85.00 - 148.97 15,56 « 287,21

26 .25  200.30 268,06 -10L95. -39k, T.iO | 1.85 | 643, | 12.29 55,31 B85.58 | 151,25 14,97 = 286,38

28 L.19  199.60 267,37 -10142. =N506. T.39 © 1,86 ; 5LS. 12,34 56,36 65.76 E 152,66 1L.55 i 285436

30 4.0 193.00 266,05 -10272. -LhOl. T.33 | 1.87 | 563, 12,30 56,78 85,29 | 151.82 k.55 | 283.29

103 196,58 265,01 =10211. -4501. 7.30 © 1.88 | 521, 12,30 57.27 85,00 151,67 1L.):0 ii 281,58

394 194.97 263.67 -10789. -26L8. 7.25 | 1.39  L32. © 12,33 58,18 82.00 | 143.85 15.78 : 276.97
3,36 193.32 262.27 -10818. -286L. 7.20 | 1.90 | LS8,  12.28 58.52 182,00 | 1WL.27 15.56  275.32
3,78 191,70 260.91 -10827. ._.3082, T35 153, L7, : 12,25 .58.87 181,99 | 14467 15,34 273,69
3,71 190,05 259,51 -10821. =3302., T.11 | 1.92 L83, 12,21 59.23 i82,00 | 145.10 15.13 = 272.05
11 3.65 18841 256.13 -1079k. -3521. 7.07  1.93  LBl. | 12.19 59.61 82,00 | Lu5.52 k.93 | 270.i1
13 3.59 186,77 256,77 [-10747. =3738, 17.03 ~ L.9L | 470, | 12,18  59.98 182,00 | 1U5.93 1h.T3 | 268,77
15 3.54 185,13 255.39 |-1068L. =-3550, (7.00 | 1.55 | Lh9.  12.17 60.39 1B2.00 | 16,3 1h.Sh | 267.13

April

OO~ vl W

17 '3.50  183.50 254.02 -10595. .-4157. 6.97 | 1,96 | L17. 12.18  60.81 '82.00 | 146,75 1h.35 | 265.50
) | | i . o i i I

19 3,46 181,94 252.30 =-10L4T. =L38L. Il6.96 1.96 | 359, 12,21  61.26 182,00 | 147.24 1L.2 | 263.9L

21 :3.44 | 180.3Lh 251.49 =10298. i=h593. 1 6.94 1 1,97 296, | 12.2L  61.7L 82,00 | 147469 13.94 | 262.34
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Planetary Configuration For Earth-Venus-Mercury 1972
(&pril 1 Trajectory)

Verus encounter
Earth at Mercury encounter
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Figure 21
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Earth-Verus-Mercury 1973

The last lsunch peried for the decade occures during the winter of 1973.
The advanced trajcctories of this period do not reguire very close apnroaches although
Ithe launch energies were found to be fairly high. Conseguently zn extra fine net
was calculated znd the resulting mirimum launch energy trajectories appear in
Table 10, These trzjectories have Tyvpe I earth-venus and venus-mercury transfers
rielding very snort totel flight times. Conseguently thesc trnjectories closely
resemnvle those of the 1970 periods It is interezting tc note however that for
the 1970 period cne finds low laurch energies but high mercury sgporoach energies
while for the 1973 trsjectories tihese characteristics are reversed. The distances
of closest apprcoach are neitner meximum nor minimum,

The planetary cornfiguration for this launch period sprears in figure 23.
The earth's distance 2t the venus ard mercury ercounters is approximztely .32 and
1.2 AJU.'s respectively.

The trajectory correzponrdirg to the Novemver L launch date near venus appears
in figur 2k,

b. Earth-Venus-Mars Trajectories

The method of calculating nets employed fcr the rumerical analysis of the
earth-venus-mercury trajectories were used for 211 the advanced trajectories
considered in this peper. Thus fer the esrth-vernus-mars trajectories which we
now consider, six cosrse nets with grid 6 by 6 were czlculated about the six
eerth-verus launch periods appearing in Table 1. These preliminary calculations
showed that three of these periods required relatively long flight times and
herce were discarded. The three remeining were tne 1968-9, 1970 and the 1972
periods., Since the sophisticated vehicles reguired for these advanced trejectories
will probably not be available before 1968, these three periods should be idealy

suited to the time interval when they could be effectively utilized.
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TABLE 10
EARTH-VERUS-MERCURY
1973
LAUNGH K&V, T - BT BR H TISI  DOCA  VACA DA T 6 HEV,  TFT

DATE : 12 e 2 23 23 3
‘Oct. 21 439 106,56 115,30 12558, -5758. 7.86 | 1.75 3423,  11.40 | L41.68 '§8.00 |136.29 |10.86 116456
23 L.36 10573 1 113.58 12706, -5B00.  7.89 . 1.75 3596, 1137 L0.92 [S7.59 1135.32 |10.81 /162.32
25 b33 102,91 111,88 123h2, -6008.  7.93 | 1.7 3400,  11.46  L1.26 57.87 [136.35 |10.90 !160.78
27 1430 100,09 110019 12078, -6160. 7.96 | 1.73 3271, | 11.52  L1.JO |58.00 (136.9h |10.97 {159.09
29 L .28 99426 108,47 11997. -6259, . 8,00 o LaT2 3275, - 11.54 L1.,14 {57.88 [136.83 110,99 2157.15
31 L.26 9T.uli 106,76 11733, -6383. 8,03 @ 1.72 3139. © 11.61 . L1.31 |58,00 {137,38 11,06 {155.uk
Nove 2 L.25 95.61 105.0h 1610, 64T, B.07T | L1 NOT. 1065 ka7 (5793 [137.39 111,08 [153.5
b k.25 93.79 110334 11370, -6567. 8,10 | 1.70 2983, 11,71 | L1.31 |58.00 |137.83 |11.14 (151,75
6 L.25 9197 . 101,61 11228, -6643. 8,13 1,70 2931, LL.75 . L1.23 [ST.94 [137.88 |11.17 11k9.91
B L.25 90,1k | 99.89 10992, 6712, B.17 | 1.69 2802,  11.82 ; L1.\0 |58.00 [138.27 |11.23 148.1h
10 L.27  B88.31 96,16 10933, 6770, 8.20  1.66 2810,  11.8L | L1.13 {57.82 [137.98 (11.23 |146.1L
12 L.29 86.49  96.L5 ' 10601, -68lL. 8.2 1.68 259, | 11,94 | b1.59 58,00 [138.72 111.33 [1hh.L9
L L.33 Bheb6  9L.T1 10450, -6852, 8,27 1.67 2521.  11.99 | L1.59 [57.9L (138,76 [11.36 '1L2.60

16 L.3T 82,83 110365, -6887. B.3L . 1.66  2499. 12,02 | Ll.i2 {57.78 (138,52 111.36

140,61

|
|
{
|
|




78

Planetary Configuration For Earth-Vemus-Mercury 1973
(Nov L Trajectory)

Earth at Vemus encounter B _ Earth at Nov U

Venus Encounter

Earth at Mercury / /
Encounter : o

Mercury Encounter

Figure 23
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